We present an analytical model to study the electronic properties, including full band structure, low energy dispersions around the Dirac point and density of states of the ABC-stacking N -layer graphene (ABCNLG). An ABCNLG can be simulated 
Introduction
Graphene, a pristine two-dimensional (2D) material, is isolated by the exfoliation method [1] , and it also offers a display place to exhibit fundamental properties of 2D system. Due to the specular geometry structure, graphene shows many interesting electronic properties, e. g., low-lying linear energy bands, electron-hole symmetry, high room-temperature mobility, high in-plane thermal conductivity Klein tunneling, and anomalous quantum Hall effect [2] [3] [4] [5] [6] [7] [8] [9] . Multilayer graphene, one of the carbon allotropes, is the pile of several graphene layers, bound together by the van der Waals interactions, along the stacking direction. The low-energy electronic structures are strongly related to the stacking types and the number of layers [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . The usually studied stacking sequences of graphene multilayers are the Bernal-stacking (AB-stacking), simple hexagonal stacking (AA-stacking), and rhombohedral stacking (ABC-stacking). Bernal-stacking (AB-stacking) bilayer graphene has attracted intense interest because its bandgap can be controlled by applying to an external electric field [10, [20] [21] [22] [23] . With the controllable bandgap, Bernal-stacking bilayer graphene shows great potential as a new material for opto-electronic devices. In the absence of the external field, Bernal bilayer graphene is semimetal because of the tiny touch between valence and conduction bands. Two groups of the parabolic band around the Dirac points are presented in Bernal bilayer graphene [10, 20] . The electronic properties of AB-stacking multilayer graphenes also inspire a large number of studies owing to possible applications.
Study results exhibit that the AB-stacking N-layer graphenes with even N layers (with odd N layers) are to be equivalent to the superposition of N/2 bilayer graphenes ( N −1 2 bilayer graphene and one graphene-like monolayer) [15, 21] .
Before the experimental realization of the AA-stacking graphite, the AA-stacking bilayer graphene, due to its simple geometrical structure, is usually utilized as a theoretical model to demonstrate the low-energy electronic properties, two pairs of nearly linear bands, which are distinguishable from those of the AB-stacking bilayer graphene because of the different stacking types. Recently, the fabrication of AA-stacking graphite [24] and the AA-stacking multilayer graphenes [25] renew interest in the fundamental properties of AAstacking bilayer and multilayer graphenes, e.g. infrared and Raman spectra, Landau-level energies, transport, plasma excitations, magneto-absorption spectra and dynamical conductivity [26] [27] [28] [29] [30] [31] [32] [33] . The study results exhibit that the electronic properties of the AA-stacking N-layer graphene can be treated as the superposition of N independent graphene-like monolayers [32, 33] .
The electronic properties of an ABCNLG, e. g. , the flat band, bulk band, bulk band gap, electron velocity, and density-of-state, are strongly dependent on stacking order and modified by the application of a vertical electric field [34] [35] [36] [37] [38] [39] . They are clearly distinct from those of AA-or AB-stacking multilayer graphenes. Most studies focus on the low-energy electronic structures of ABC-stacking trilayer graphene. A non-perturbative effective Hamiltonian closed in the bulk subspace is proposed to explore the bulk subbands for arbitrary the layer number N [39] . Recently, experimental approval of the extended flat bands and the gapped subbands in ABC-stacking multilayer graphene has been reported [40, 41] . The above-mentioned experimental works trigger us to revisit the electronic properties of ABCNLG. We present an analytical model to effectively and efficiently study full band structure, low energy dispersions around the Dirac point and density of states.
Theory and Model
The geometrical structure of an ABCNLG is shown in Fig. 1(a) . Each graphene layer is a one-atom-thickness layer, in which carbon atoms are precisely packed in a hexagonal lattice. The lattice contains two sublattices A and B, represented by white and black circles, respectively. A primitive cell contains two atoms and the nearest carbon-carbon distance is b = 1.42Å. Within ABCNLG, half of the atoms are directly below atoms in the adjacent sheet and directly above hexagonal ring centers and the other half of the atoms are directly above atoms and directly below hexagonal ring centers [42] . A primitive cell of an ABCNLG has 2N carbon atoms, denoted as,
The first Brillouin zone is also shown in Fig. 1(a) . The atom-atom interactions, shown 
, is a 2N × 2N matrix and reads 
where
); b j represents the three nearest neighbors on the same graphene plane and k is the in-plane wave vector. Obviously, H 0 is a tridiagonal matrix with complex elements resulting from the complex structure factor f k .
It is more efficient to diagonalize a real matrix for eigenvalues than a complex one. Such a complex tridiagonal matrix (Eq. (1)) can be easily transformed into a real symmetrical matrix through a unitary transformation. By adopting the new 2D Bloch functions (φ 1 =
, we calculate the Hamiltonian matrix element H(i, j) = φ i |H 0 |φ j and the transferred Hamiltonian representation is obtained as follows 
The Hamiltonian matrix of an ABCNLG is now transformed into a real and symmetrical matrix.
According to Eq. (2), an ABCNLG can be modeled as a linear atomic chain of carbon atoms, as shown in Figs. (1b) and (1c). In order to reduce the dimension of Hamiltonian matrix, we further construct the symmetrized basis functions: |ψ
Based on the mirror symmetry, or inversion symmetry, of linear atomic chain, they are divided into two groups, symmetrical and anti-symmetrical groups, and organized as follows:
After some manipulation, the 2N × 2N Hamiltonian matrix H 0 is decomposed into two N × N diagonal-block matrices, i. e., the reduced Hamiltonian matrix reads
It is noted that the two diagonal-block matrices satisfy the relation
This is to say, the reduced Hamiltonian representation has the characteristics,
The representation actually H s depends on the layer number N. When N = 2m + 1 is odd, the representation of the block matrix H s is 
H s is a real tridiagonal matrix with a non-zero element occurring at the corner H s (N, N) = β 0 f . As is shown in Fig. 1(b) , the ABC-stacking trilayer graphene is described by an atomic chain with 2N = 6 atoms. The decomposition of H (Eq.(2)) into H s and H a (Eq. (3)) is equivalent to cutting a long atomic chain into two short atomic chains and each chain is made up of N = 3 atoms. One surface atom of the short chain has the site-energy β 0 f (or −β 0 f ). On the other hand, 
when the layer number N(= 2m) is even. For instance, the ABC-stacking quad-layer graphene is simulated by an 8-atom chain, as is shown in Fig. 1(c) . The reduced Hamiltonian matrix H s (H a ) is modeled by a 4-atom chain (the right panel of Fig. 1(c) . Each 4-atom chain has two asymmetrical surface atoms. The renormalized surface atom has site-energy β 1 (−β 1 ).
The eigen-equation of ABCNLG (H 0 |u 0 = λ|u 0 ) is now decomposed into two eigenequations, which are
where ξ = s or a denotes the symmetrical or anti-symmetrical state. The eigenenergy spectrum λ a = −λ s because of H a = −H s . Moreover, H a and H s share the same eigenvector |u ξ , i. e., |u s = |u a . Once the eigenenergy spectrum λ s of H s is acquired, the eigenenergy spectrum λ a is thus obtained through the relation λ a = −λ s .
3 Energy spectra of ABCNLGs 
The secular equation is a cubic polynomial λ 3 + rλ 2 + sλ + t = 0, where the coefficients 
j is
where P = −r 
Energy spectrum of N = 4 ABCNLG
The secular equation realted to ABCNLG with N = 4 is
It is a fourth order polynomial
The roots λ
j of the secular equation are the energy spectrum.
The calculated energy spectrum
Energy spectrum of ABC-stacking N-layer graphene can be acquired by the exact diagonalization using numerical l ibrary or by solving the roots of the associated secular equation.
First, the energy dispersions of ABC-stacking trilayer graphene, as is shown in Fig. 2 As is shown in Fig. 2(b) , the energy dispersions of ABC-stacking quad-layer (N = 4) graphene are obtained by the diagonalization of matrices, H 0 , H and H s (Eq. (1), Eq. (2) and Eq. (3)). The entire overlap of three sets of energy dispersions exhibits that the reduced Hamiltonian matrix H s can efficiently offer the eigenenergy spectrum.
An ABCNLG illustrates N branches of the energy dispersion. Each branch is closely similar to the energy dispersions of a monolayer graphene, such as the maximum of the energy dispersion occurring at the point Γ, the discontinuity presented near the saddle point M and the nearly linear bands appearing around the K point.
Low-energy spectrum around the Dirac point
Our model can clearly reveal the characteristic of the low-energy electronic structures. 
The transverse of the eigen state |u ξ T is (u 1 , u 2 , u 3 ) = (1,
The electrons are localized at outermost layers of the ABCNLG with N = 3. The eigen state (u 1 , u 2 , u 3 , u 4 ) T of the ABC-stacking quad-layer graphene is gained by solving the eigen-equation
The eigen state |u ξ T is (u 1 , u 2 , u 3 , u 4 ) = (1, (
(1, 0, 0, 0). The wave function is Ψ = u 1 ψ
the electrons are presented in the outermost layers.
Density of state of an ABCNLG
Density of state (DOS), which reveals the main features of the electronic structures, is defined as 
where 5, exhibits that whether the layer number N is odd or even has a great effect on the detail structures of DOS.
CONCLUSIONS
The electronic properties of the ABC-stacking N-layer graphenes are explored through the tight-binding method, based on the minimal model, including only the main interand intra-layer interactions. An ABCNLG can be modeled as a linear atomic chain with 
